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Abstract
Sentential and analogical representations constitute two
complementary formalisms for describing problems and domains. Experimental evidence indicates that diﬀerent domain
types can have their most eﬃcient encoding in diﬀerent representations. While real-world problems typically involve a
combination of diﬀerent types of domains, all modern planning
domain description languages are purely sentential. This paper proposes a framework for planning with hybrid models, in
which sentential and analogical descriptions can be integrated
and used interchangeably, thereby allowing a more eﬃcient
description of realistically complex planning problems.

1

Introduction

Research in knowledge representation and reasoning [1, 2] indicates that many
problems are easier to solve if described using analogical [3] (a.k.a. diagrammatic, homomorphic [4]) representations. Recent experimental evidence in
planning [5] demonstrates that Move problems, involving the movement and
manipulation of entities subject to a set of constraints, are solved signiﬁcantly
faster (up to two orders of magnitude) if recast in purely analogical terms. Real
domains, however, are typically the result of a “mixture” of diverse types of
components: representing all of these aspects in an eﬃcient manner using a
purely analogical (or a purely sentential) language is often impossible.
This work concerns the development of hybrid (or heterogeneous [4]) planning representations, able to merge sentential and analogical models into a
single formalism that combines the strengths and overcomes the weaknesses of
both paradigms. In this paper, we (i) review the setGraph model described
in [6] (to the best of our knowledge, the only existing proposal of analogical
planning representation) and extend it into a more expressive representation;
(ii) brieﬂy describe the sentential model chosen, based on the planning domain
description language pddl2.1 [7] and expressively equivalent to the analogical
model; (iii) describe a simple model of hybrid planning which allows the two
above representations to be integrated; and (iv) present a general theory that
guarantees the soundness of the approach. In particular, the Soundness Theorem presented extends to analogical and hybrid representations the theory of
sound action description given in [8], originally limited to sentential models.
The ﬁnal section discusses related work, limitations and future directions.

2

The Analogical Model: setGraphs

This section reviews the setGraph model proposed in [6] and extends it so as
to allow (1) numeric values (hence, attributes with inﬁnite domains), and (2)
actions involving non-conservative changes (addition and removal of elements
to and from a state) and numeric updates.
A setGraph is essentially a directed graph in which the vertices are sets of
symbols. For example, Figure 1.(a) shows a setGraph description of a Blocks
World (BW) state with three blocks and a table, represented by symbols A, B,
C, Table. The vertices of the graph are depicted as ovals, labelled V1 , . . . ,V10 .
In this example, the edges of the graph (arcs) represent ‘on’ relations between
spatial locations: if a vertex containing symbol x is linked to a vertex containing
symbol y, then On(x, y) holds in the current state.
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Figure 1: A SetGraph encoding of the Blocks World domain: (a) state representation; (b) Move(x, y, z) operator (x ∈ {A,B,C}; y, z ∈ {A,B,C,Table}).
The symbols of a setGraph can be moved from one vertex (set) to any
other through the application of diagrammatic operators, which specify the set
of legal transformations of a state (setGraph). Figure 1.(b) depicts the Move
operator for the BW domain. The operator preconditions P describe a speciﬁc
arrangement of symbols in a part (sub-graph) of the current state; the eﬀects
E describe the arrangement of these symbols in the same sub-graph after the
application of the operator. Intuitively, an operator P ⇒ E is applicable in a
state s iﬀ each of the graphs contained in P can “overlap” with (be mapped to)
a sub-graph of s having the same “structure”, so that each variable corresponds
to a distinct symbol, each vertex to a vertex, each edge to an edge, and: (1) if a
variable is contained in a set (vertex), the corresponding symbol is contained in
the corresponding set; (2) if an edge links two vertices, the corresponding edge
links the corresponding sets; and (3) if a set is empty, the corresponding image
is empty. When all of these conditions hold, we will say that the precondition
setGraphs are satisﬁed in s. Notice that the variables can be of speciﬁc types,
subsets of the universe of symbols. For example, variable x of the Move(x, y, z)
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operator has type Block={A, B, C}, while y, z ∈ Object={A, B, C, Table}.
Thus, this operator encodes the movement of a block x from its current location
to a new one, originally empty, situated “on top” of a set containing another
block (or the table) y. Notice that the operator is applicable only if block x
has an empty set on top of it (i.e., if x is clear).
The application of an operator to a state s causes the corresponding symbols
in s to be re-arranged according to the situation described in the eﬀects E. For
example, the Move(x, y, z) operator can be applied to the state of Figure 1.(a)
in several ways. One possible binding is x/C, y/Table, z/A; the application of
Move(C,Table,A) would unstack block C from A and put it on the table (i.e.,
in set V9 of Figure 1).
This simple representation is made more expressive by allowing edges to
connect any two elements of the graph (e.g., a symbol and a vertex, or two
symbols), and symbols to consist of strings of digits. Such an extended representation is presented more formally in the sequel.

2.1

Formalising SetGraphs

The formal deﬁnition of setGraph is based on the concept of multiset [9]. A
multiset is a set-like object in which the order of the elements is unimportant, but their multiplicity is signiﬁcant. For example, C={1,1,0,0,0} denotes
a multiset of integers containing two occurrences of 1 and three occurrences
of 0. Since the order is unimportant, C is equivalent to {1,0,1,0,0}, but not
to {1,1,0,1,0}. The empty multiset is denoted as { }. We will say that x is
contained in C and write “x ∈ C” to indicate that element x appears (occurs)
at least once in multiset C.
A setGraph is a multiset of nodeSets, which are deﬁned as follows:
Definition 1 (nodeSet) Let W be a set of symbols (language). A nodeSet is
either:
• a symbol w ∈ W , or
• a ﬁnite multiset of nodeSets.
In short, nodeSets are data structures consisting of multi-nested sets of symbols
(strings) with multiply occurring elements and no limit on the level of nesting.
NodeSets that are symbols of W are called nodes. All other nodeSets are called
places. Thus, a place can contain both nodes and places. Places can be labelled
(with possibly identical labels). Given a nodeSet N , ℘(N ) is deﬁned as the
multiset of all the nodeSets occurring in N (including N itself). For example,
consider a language W ={A}. Let N1 be the nodeSet {A, {A}, {{A}}}. Then,
℘(N1 ) = N1 ∪ {A, A, A, {A}, {{A}}, {A} }.
In order to represent numbers, the language W is allowed to contain also
numeric symbols. A numeric node is a string of form n.m or n (possibly
preceded by + or −), where n, m are sequences of digits and the ﬁrst (last)
digit of n (m) is not 0. The set of strings of all real numbers (of form “n.m”)
together with “⊥” (representing undeﬁned values) will be called ⊥ .
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Definition 2 (setgraph) A setGraph is a pair N, E, where N is a nodeSet
and E = {E1 , . . . , Ek } is a ﬁnite set of binary relations on ℘(N ).
If E contains only one relation E  , we shall simply write N, E   instead of
N, {E  }. For example, let N1 be the nodeSet N1 ={A,{B},{{C}}}. The pair
N1 , E1 , with E1 ={(C, B), ({B}, {{C}}), ({A,{B},{{C}}}, A)}, is a setGraph.
The instances of the binary relation E1 , pairs of elements of ℘(N1 ), are the edges
of the setGraph. Notice that if all places of N1 were assigned distinct labels, for
example, N1 =P0 {A, P1 {B}, P2 {P3 {C}}} (where the syntax name{x, y, ..., z}
denotes a place with label name containing nodeSets x, y, ..., z), then E1 could
be speciﬁed more simply as E1 ={(C, B), (P1 , P2 ), (P0 , A)}.
Example 1 - Consider the Briefcase domain, consisting of two connected
locations (home and oﬃce), one briefcase, and three objects (called A, C and
D). The sentential state {(at Brief Home) (at A Home) (at C Home) (in
D Brief)} can be encoded as a setGraph α = P1 , R1 , where:
P1 = { Home{A,C,Brief{D}}, Off{ }, 1 }
R1 = { (Home,Off), (Off,Home), (Brief,1) }
Two (unlabelled) edges in R1 are used to represent the bidirectional connection
between the two locations. The setGraph also contains an edge associating
place Brief to a numeric node. This node is used to keep track of the total
number of objects currently inside the briefcase.
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Figure 2: Analogical encoding of Briefcase domain: (a) graphical depiction of
setGraph α = P1 , R1  (see text); (b) nodeSets type hierarchy.
Figure 2.(a) shows a graphical representation of setGraph α. All and only the
nodeSets that are contained in a place are depicted within the perimeter of
the corresponding oval. NodeSets (and edges) of a setGraph are grouped in
diﬀerent types (or sorts), speciﬁed using a hierarchy (see Figure 2.(b)). By
default, node and place are the two only subtypes of the root-type nodeSet
(not shown in the ﬁgure). Every type t represents the ﬁnite set of instances
(leaves) of the subtree that has t as root (hence, nodeSet = place ∪ node).
Diﬀerent types may have diﬀerent properties. The properties of a type are
inherited by all of its subtypes and instances. In this example, the place
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hierarchy restricts any instance of a Mobile place to contain only Portable
nodes (by default, a place may contain any instance of nodeSet).
If a setGraph G has an associated type hierarchy, G is said to be typed. In
a typed setGraph, the language W is assumed to contain all the instances of
node ∪ ⊥ . In what follows, all setGraphs will be assumed to be typed, unless
otherwise speciﬁed. A parameterised setGraph is a setGraph in which at least
one of the place labels or nodes has been replaced with one of its super-types
(or, equivalently, with a variable ranging on one of its super-types). We refer
to the label, symbol or variable name associated to an element x of a setGraph
(nodeSet or edge) as to that element’s identiﬁer, returned by the function id(x).
A typed setGraph containing only instances of the nodeSet hierarchy (i.e., no
types or variables) is said to be ground (e.g., see Figure 2.(a)).

2.2

Representing Action

In addition to the description of the initial world state (encoded as a ground
setGraph), a planner must also be provided with a speciﬁcation of how states
are changed by actions. As usual, the domain-speciﬁc legal transformations
of a state are deﬁned through a set of parameterised action schemata (operators). An operator P ⇒ E consists of preconditions P , specifying the situation
required to hold in the state before the action is executed, and eﬀects E, describing the situation of the state after. For example, Figure 3.(a) depicts a
graphical representation of the Move operator for the Briefcase domain, which
transfers a mobile object x (and all of its contents) from one location to another. The elements to the left of the arrow represent the preconditions; those
to the right, the eﬀects.
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Figure 3: Briefcase operators: (a) Move and (b) Put-in.
While the model described in [6] was limited to actions consisting only of
nodeSet movement, the addition and removal of an element and the update
of the value of a numeric node will also be allowed here. The movement (or
removal) of elements in a setGraph is based on the following general rules: (1)
if a node is (re)moved, all edges linked to it move (are removed) with it; (2) if
a place is (re)moved, all the elements contained in it and all edges linked to it
move (are removed) with it. Given the current value x of a numeric node and
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a numeric value v ∈ ⊥ , the possible update operations are: (a) assignment
(x := v); (b) increase (x := x + v); (c) decrease (x := x − v); (d) scale-up
(x := x · v), and (e) scale-down (x := x/v). Finally, any element not moved,
removed or updated is left unaltered (i.e., we assume default persistence).
In a setGraph operator P ⇒ E, preconditions P and eﬀects E are composed
of two separate parts, analogical and numerical. The analogical components
consist of ordered list of typed setGraphs. The numerical part of the preconditions consists of a set of comparisons (<, >, ≤, ≥, =, =) between pairs of
numerical expressions, while the numerical eﬀects consist of a set of update operations of the kind (a)–(e) listed above. Numeric expressions are built from the
values of numeric nodes using arithmetic operators. For example, Figure 3.(b)
represents graphically the Put-in operator, which moves an object y inside a
mobile z, subject to them being at the same location and to the mobile containing at most two objects. The analogical precondition and eﬀect lists of this
operator consist of only one typed setGraph. The numerical parts constrain
and update, respectively, the value x of the node associated to the mobile z.
The next deﬁnition speciﬁes the conditions for a parameterised setGraph T
to “match” (or be satisﬁed in) a ground setGraph G. Intuitively, T is satisﬁed
in G iﬀ there exists a substitution of all the parameters of T with appropriate
instances such that T can be made “coincide” with G (or with part of it).
Definition 3 (Satisfaction) Given a parameterised setGraph T=N, E and
a ground setGraph G, T is satisﬁed in G iﬀ there exists a substitution θ of
all variables and types of T with corresponding instances, and a 1-1 function
σ : T → G mapping elements of T to elements of G, such that, if Tθ is the
ground setGraph T after substitution θ, the following conditions hold true:
• for each nodeSet (or edge) x ∈ Tθ , id (x) = id (σ(x))
• for all pairs (x, y) ∈ ℘(N )×℘(N ), if x ∈ y then σ(x) ∈ σ(y)
• for all edges e = (x, y) ∈ E, σ(e) = (σ(x), σ(y))
The ﬁrst condition requires that each element of T is mapped to an element
having identical identiﬁer. The second condition requires that any relation of
containment between nodeSets of T is reﬂected by containment between the
corresponding images in G. The last condition requires that if two nodeSets
are linked by an edge, the corresponding images are linked by the image of the
edge in G. For example, given the type hierarchy of Figure 2.(b), it is easy to
see that the preconditions of the two operators of Figure 3 are both satisﬁed in
the ground setGraph of Figure 2.(a).
The semantics of action is speciﬁed by providing an algorithmic deﬁnition
of the following: (α) a method to check whether an operator O is applicable in
a given state s; (β) a method for calculating the new state resulting from the
application of an operator O in a state s. These deﬁnitions are given below:
(α) an operator P ⇒ E is applicable in a state (ground setGraph) s iﬀ (1) all
the parameterised setGraphs of P are satisﬁed in s (using a binding σ and
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a common substitution θ), and (2) if every occurrence of each numeric
variable x in the numeric part of P is replaced with the value of σ(x), all
the numeric comparisons in P are true;
(β) if operator O is applicable in state s, the result of applying O is the
new setGraph obtained from s by (1) carrying out – on the corresponding elements of s identiﬁed through binding σ – the changes required
to transform each of the setGraphs in the preonditions P into the (respective) setGraph in the eﬀects E, and (2) for each update operation
of E, updating the corresponding numeric node with the result of the
operation.

3

The Sentential Model

The sentential planning representation adopted is a simpliﬁed version of pddl2.1 [7] equivalent to extending STRIPS to numbers and functor symbols.
As in pddl2.1 [7], the sentential world state is composed here of two separate parts, a logical (STRIPS-like) state and a numeric state. While the logical
state L consists of a set (conjunction) of ground atomic formulae (the truth of
an atom p depending on whether p ∈ L), the numeric state consists of a ﬁnite vector R of values in ⊥ =  ∪ {⊥} (where  is the set of real numbers).
Each element of R contains the current value of one of the primitive numeric
expressions (PNEs) of the problem (values associated with tuples of objects by
functor symbols – see [7] for more details).
A sentential operator speciﬁes a transformation of a state-pair s = (L, R)
into a new state-pair s = (L , R ). We consider operators P ⇒ E in which the
preconditions P contain just a set (conjunction) of literals (possibly negative
atoms) and a set of comparisons between pairs of numeric expressions (containing PNEs and numbers), while the eﬀects E consist of a list of literals and
a set of numeric update operations (analogous to those allowed in setGraph
operators). This does not cause any loss of generality, as any pddl2.1 “level
2” (i.e., non-durative actions) operator can be compiled into an equivalent set
of ground operators of the above form [7]. In view of this, we refer to the sentential formalism described above as to pddl2.1-lev∗2 . The complete semantics
for these operators is described in [7]. An example of sentential operator is
given in the next section.

4

The Hybrid Representation

The hybrid model puts together the analogical and sentential models described
above. In the hybrid representation, the world state is composed of two distinct
parts: an analogical state and a sentential state. The two components are
treated as two independent sub-states; each hybrid operator will consist of two
distinct parts, each describing the transformation of the respective sub-state.
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For example, consider a modiﬁed Briefcase domain, in which a bucket B
containing green paint is used to carry around the objects A,C,D. Any object
dropped in the bucket becomes green. The analogical part of the Drop-in
operator would be identical to the Put-in action depicted in Figure 3.(b). The
sentential part could consist of the following preconditions P and eﬀects E:
P = { (colour y w) }
E = { (colour y Green), ¬(colour y w)}
where y ∈ Portable and w ∈ Colours. As described in the previous section,
the sentential part of the operator may also contain numerical elements. For
example, given the 1-placed functor symbol “Total obj” returning the number
of items currently contained by a mobile object, precondition P could require
(< (Total obj B) 3), and eﬀect E would contain (increase (Total obj B)
1). Notice that the function (or PNE) (Total obj Brief) is realised in the
analogical representation of Figure 2.(a) by linking Brief to a numeric node.

5

Soundness of Hybrid Planning Models

The simple juxtaposition of sentential and analogical representations does not
guarantee that the resulting model is sound with respect to the real domain
represented. In this section, we describe a unifying framework that leads to
the speciﬁcation of the conditions for sound hybrid representations. These
conditions extend those identiﬁed by Lifschitz in [8], still at the basis of current
sentential planning languages [7]. It should be pointed out that the contents of
this section are mostly theoretical constructs which, practically speaking, are
not strictly necessary for implementing a working hybrid planning system.
Following [8], the world is taken to be, at any instant of time, in a certain
state s, one of a set S of possible ones. A domain consists of a ﬁnite set I of
entities and ﬁnite sets of relations among (and properties of) entities. In order
to describe a domain, we adopt a formal language L = P, F, C, where P, F, C
are ﬁnite sets of relation, function and constant symbols, respectively. Each
relation and function symbol of P and F can be either numeric or logical. The
wﬀ ’s of L (logical and numeric atoms) can be built (only) as follows:
• p (c1 , ..., cn ) is a logical atom iﬀ p ∈ P and ci ∈ C (with i ∈ {1, ..., n})
• q(t1 , ..., tn ) is a numeric atom iﬀ q ∈ P and ti ∈ PNE ∪ NE
• f (c1 , ..., cm ) is a primitive numeric expression (PNE) iﬀ f ∈ F and ci ∈ C
• a real number is a numeric expression (NE); h(t1 , ..., tm ) is a NE iﬀ h ∈ F
and ti ∈ PNE ∪ NE
where NE and PNE indicate, respectively, the sets of all numeric and primitive
numeric expressions obtained only as described above.
An interpretation function g maps each constant symbol c ∈ C to a distinct
entity i = g(c) ∈ I, each m-placed logical function symbol f ∈ F to a function
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g(f ) : I m → , and each n-placed logical relation symbol p ∈ P to a relation
g(p) ⊆ I n . Each m-placed numeric function symbol h ∈ F is mapped to a
(ﬁxed) function g(h) : m → , and each n-placed numeric relation symbol
q ∈ P to a (ﬁxed) relation on real numbers g(q) ⊂ n .
We deﬁne g(t) = t for all t ∈ . Let f ∈ F and ti ∈ C ∪ PNE ∪ NE; if
t = f (t1 , ..., tm ), then g(t) is the value (in the current state s) of g(f ) calculated
in g(t1 ), . . . , g(tm ) (written f (t1 , . . . , tm )|s ). In what follows, we assume that,
for a given language L, a ﬁxed interpretation g is adopted.
Definition 4 (Atom-satisfaction) Given a language L = {P, F, C} and a
state s ∈ S, an atom p(t1 , . . . , tn ) ∈ L is satisﬁed in s iﬀ g(p)(g(t1 ), . . . , g(tn ))
is true in s.
Consider an abstract data structure D (such as a tree, a list, an array, etc.) and
a universe U of elements (e.g., integers, characters, booleans,...). Let DU be a
select set of instances of D built using elements in U (e.g., trees of booleans, of
lists of integers, etc.).
Definition 5 (Model) Given a language L = P, F, C and a set DU of data
structure instances with elements ∈ U, a model is a pair M=(d, ), where d ∈
DU and  is a 1-1 total function  : C → U.
A model is essentially a data structure containing elements taken from a set
U. The function  maps the relevant objects (symbols) of the domain to the
corresponding elements of the universe that represent them (which may or may
not appear in the model). The use of an unspeciﬁed data structure D allows
this deﬁnition to be used for both sentential and analogical (setGraph) models.
Definition 6 (Domain representation structure) A domain representation
structure (DRS) for a language L (with interpretation g) is a triple DU , Ψ, Φ,
where DU is a set of instances of a data structure D with elements in U, and
each ψi ∈ Ψ (φj ∈ Φ) is a procedure associated to the n(m)-placed relation
(function) symbol i ∈ P (j ∈ F ), such that ψi , φj always terminate, and:
• for each logical symbol p ∈ P, ψp : DU × U n → {0, 1}
• for each logical symbol f ∈ F, φf : DU × U m → ⊥
• for each numeric relation (function) q ∈ P (h ∈ F ), ψq calculates g(q) ⊂
n and φh calculates g(h) : m → 
Basically, a DRS consists of a data structure and a set of procedures for checking
it. Each procedure takes as input a model (a data structure instance) and a set
of object symbols, and (always) returns a value. For example, given n objects
c1 , . . . cn , in order to establish whether p(c1 , . . . cn ) holds in the current model
M, it is suﬃcient to run the procedure ψp on M, using symbols (c1 ), . . . (cn ) ∈
U (representing objects c1 , . . . cn in M) as input.
Example 2 - Consider the Briefcase domain of Example 1. The briefcase, the
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two locations (home and oﬃce) and the three portable objects are the entities of
interest. The property “to be inside” is the relation of interest, and the number
of objects inside the briefcase is the only relevant numeric property. Let the language L1 contain the following symbols, having their standard interpretation: a
2-placed logical relation In, a 1-placed logical function Total obj, and a 2-placed
numeric relation ‘<’. The constant symbols are C1 ={A,C,D,Brief,Home,Off}.
For the above domain and language, let us deﬁne an analogical domain
representation structure DRSa . The data structure Da adopted is the setGraph
(an example of state was given in Figure 2.(a)). The universe U consists of set
C1 . Procedure ψIn (d, x, y) takes as input a ground setGraph d and two labels
x, y ∈ U, and returns 1 if the setGraph of Figure 4.(a) (having parameters
x, y substituted with the corresponding input) is satisﬁed in d, 0 otherwise.
(Notice that ψIn (d, x, y) will need to check whether input label x is an instance
of node or place, and represent x as a place only in the latter case – this is
indicated in the Figure using a dashed oval instead of a normal one). Procedure
φTotal obj (d, x) takes as input a ground setGraph d and a string x ∈ Mobile,
and, if there exists σ such that the setGraph of Figure 4.(b) is satisﬁed in d
with mapping σ, it returns the value of σ(w), ⊥ otherwise. Procedure ψ< (x, y)
calculates the binary relation “smaller than” on the set  of real numbers.
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Figure 4: Briefcase domain: parameterised setGraphs encoding procedures
ψIn (x, y) and φTotal obj (x) ((a) and (b), respectively).
Definition 7 (Model-representation) Given a language L, a DRS R =
DU , Ψ, Φ for L and a model M=(d, ) with d ∈ DU , M represents a state s ∈ S
(written M ∼
=R s) iﬀ, for every logical atom p(t1 ,...tn ) and PNE f (t1 ,...tm ) of
L, both of the following hold:
• ψp (d, (t1 ), ..., (tn )) = 1 iﬀ p(t1 , ..., tn ) is satisﬁed in s
• φf (d, (t1 ), ..., (tm )) = f (t1 , ..., tm ) |s if f (t1 , ..., tm ) is deﬁned in s, ⊥
otherwise
Definition 8 (Planning Domain) A planning domain is a pair S, A, where
S is the set of possible world states, and A, the set of actions, is a ﬁnite set of
total functions a : S → S.
Given a domain S, A (with language L and DRS R) and a set Σ of models
in R, Σ represents S iﬀ each model M ∈ Σ represents exactly one state s ∈ S,
and ∀s ∈ S, there exists one and only one model M ∈ Σ such that M ∼
=R s.
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Definition 9 (Sound action representation) Given a domain S, A (with
language L and DRS R) and a set Σ of models in R representing S, a function
λ : Σ → Σ is a sound representation of a ∈ A iﬀ, for each model M ∈ Σ and
state s ∈ S such that M ∼
=R a(s).
=R s, λ(M ) ∼
Given a domain D=S, A, a pair R=Σ, Λ is a sound representation of D iﬀ
Σ is a set of models representing S, and Λ = {λ1 , ..., λk } is a set of sound
representations of the actions {a1 , ..., ak }=A.
Theorem 1 (Soundness) Let R=Σ, Λ be a sound representation of a domain D=S, A. Let λ = λ1 , ..., λn  be a sequence (plan) of sound action
representations, and a = a1 , ..., an  be the corresponding sequence of actions.
If M0 ∈ Σ represents s0 ∈ S, and the application of λ to M0 produces Mn =
λ(M0 ), then Mn represents a(s0 ).
Theorem 1 and the deﬁnition of sound action representation extend to hybrid
representations the Soundness Theorem and Deﬁnition A given in [8]. (The
proof, by induction, follows directly from Deﬁnition 9, and is analogous to the
proof given in [8], except that the concept of satisfaction is replaced here with
that of representation, applicable to both the sentential and analogical case).
Finally, the following theorem demonstrates that setGraphs and PDDL2.1lev∗2 have equivalent expressive power:
Theorem 2 (Equivalence) Any setGraph encoding of a planning domain can
be transformed into an equivalent sentential (PDDL2.1-lev∗2 ) description, and
vice versa.
Proof – The proof of the ﬁrst part is uninteresting and not reported here for
reasons of space. Consider the second part of the theorem. We ﬁrst show how
to transform every sentential state-pair (logical, numeric) into a corresponding
setGraph, and then show how any sentential operator can be encoded as an
equivalent setGraph operator in this representation.
Every state s = (L, R) consists of a ﬁnite set L of ground atoms p(x1 , . . . , xn )
and a ﬁnite vector R of numeric values yj , each one representing the value
in s of the j-th PNE f (x1 , . . . , xm ) (where xi ∈ C are constant symbols
representing the entities of the domain). Let G be a setGraph containing
the following: (1) three places, labelled Pred, Obj and Funct; (2) a node xi
in Obj for each symbol ci ∈ C, with id(xi ) =“ci ”; (3) a node with identiﬁer “p” in Pred and a set of labelled edges {e1 (p, x1 ), . . . , en (p, xn )} for each
atom p(x1 , . . . , xn ) of L; and (4) a node with identiﬁer “f ” for each functor symbol f and a set of nodes {x1 , . . . , xm , yj } in Funct linked by a set
of edges {(f, x1 ), (x1 , x2 ), . . . , (xm , yj )} for each value yj in R (representing
f (x1 , . . . , xm )|s ). Then, the truth of p(x1 , . . . , xn ) can be determined by checking if setGraph {Pred {p, x1 , . . . , xn }}, {e1 (p, x1 ), . . . , en (p, xn )} is satisﬁed in
G. Moreover, the value of the j-th PNE is identiﬁed by the value to which
the numeric variable w ∈⊥ is to be bound for the parameterised setGraph
{f, x1 , . . . , xn , w}, {(f, x1 ), (x1 , x2 ), . . . , (xm , w)} to be satisﬁed in G.
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Given the above encoding, every setGraph operator can be transformed into
an equivalent sentential operator as follows: each addition (removal) of an atom
p(x1 , . . . , xn ) to (from) the logical state L corresponds to the addition (removal)
of the corresponding node “p” and associated edges to (from) place Pred. Similarly, each update of a PNE f (x1 , . . . , xm ) in R is encoded through the update
of the numeric node w at the end of the chain (f, x1 ), (x1 , x2 ), . . . , (xm , w).
Q.E.D.
Notice that the expressive equivalence of two formalisms does not imply equivalent eﬃciency: two formalisms that are equally powerful still produce diﬀerent
descriptions of the same problem, possibly requiring a diﬀerent number of solution steps even when solved using the same search algorithm. Indeed, this was
the set up for the experiments reported in [5]: in each of ﬁve diﬀerent domains,
and for each test problem, the same problem was solved much faster (between
two and one hundred and sixty times) if recast in purely analogical terms.

6

Related Work and Discussison

Perhaps the main contribution of this paper consists of a theoretical framework
(Deﬁnitions 5-10 and Theorem 1) for planning with analogical, sentential and
hybrid representations. Notice that the framework described is not speciﬁc to
the analogical or sentential models that have been considered here: in addition
to being able to support and integrate setGraphs and PDDL2.1-lev∗2 representations, the theory provides a basis for the integration of any sentential and
analogical representations that ﬁt its premises.
A further contribution consists of an extended, powerful analogical planning
representation (Deﬁnitions 1-3) based on setGraphs [6], expressively equivalent
to the sentential model adopted (Theorem 2). It should be noticed that although the setGraph formalism can ultimately encode any PDDL2.1 “level-2”
planning domain description, it can do so only if conditional eﬀects, quantiﬁcation and disjunctive preconditions are previously compiled away [7]. In this
sense, the expressiveness of the setGraph formalism is still limited, although
adding this kind of “syntactic sugar” to the model should not be too diﬃcult.
The possibility of separating the analogical part of a domain description
from the sentential one suggests that hybrid representations may be very effective in the automatic extraction of heuristics [10]. In particular, a useful
heuristic for a planning problem could be obtained by simply ignoring the sentential (or analogical) parts of the hybrid description, and solving the “relaxed”
problem thus obtained. The learning of domain-speciﬁc control knowledge also
appears to be facilitated by the adoption of analogical and hybrid descriptions.
To see this, observe that the ability to learn from the solution of diﬀerent problems in the same domain depends heavily on the capacity to recognise common “patterns” in diﬀerent solutions. Identifying such patterns in sequences of
propositional states is generally much harder then in analogical representations.
SetGraphs borrow ideas from various related works in the area of analogi225

cal representations [2, 1], set and graph theory [9] and semantic networks (in
particular, conceptual graphs [11]). However, the use of diagrammatic representations in planning appears to have no precedents. Myers and Konolige [3]
describe a hybrid framework for problem solving that allowed a sentential system to carry out deductive reasoning with and about diagrams. Their system
allows the addition (and extraction) of information to and from diagram models, but did not permit existing analogical information to be “retracted” from
the models. This possibility is crucial for enabling non-monotonic changes of
a diagram, typically associated with the execution of an action. Similar considerations apply to other works on heterogeneous representations (e.g., [4]).
The work of Glasgow and Malton [12] on purely analogical spatial reasoning
is closely related to many of the ideas developed here; the present work generalises to hybrid models their approach, and extends it with a representation
for describing and reasoning about the eﬀects of an action. The work of Long
& Fox [13] on generic types and automatic problem decomposition nicely dovetails with the present approach. In particular, hybrid descriptions can be used
to encode diﬀerent generic types using diﬀerent representations. For example,
while the movement aspects of a domain can be conveniently encoded using
setGraphs, stationary changes (e.g., a change in colour or size) may be better
described using a sentential formalism. Once decomposed, these sub-problems
can be solved independently, using more eﬃcient, special-purpose algorithms.
A speciﬁc syntax for setGraph-based planning languages has not been discussed here. The BNF speciﬁcation of a language for purely analogical planning was proposed in [5], though it was restricted to the use of two-dimensional
arrays of characters. While the extended setGraph formalism requires a more
complex deﬁnition, the simplicity of its primitive components – sets and graphs
– should make a syntax speciﬁcation relatively straightforward.
An important aspect of action modelling that has not been dealt with here
concerns the speciﬁcation of concurrent (analogical) actions. A possible approach to identifying non-interference conditions for the concurrent execution
of setGraph operators may be to require that the elements of the setGraph
acted upon by the operators be disjoint. However, the introduction of time
and durative actions, and of other features such as conditional and continuous
eﬀects, makes this a rather complex issue, requiring further investigation.
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